Abstract. In recent years, the question of whether the ranks of elliptic curves defined over Q are unbounded has garnered much attention. One can create refined versions of this question by restricting one's attention to elliptic curves over Q with a certain algebraic structure, e.g., with a rational point of a given order. In an attempt to gather data about such questions, we look for examples of elliptic curves over Q with an n-isogeny and rank as large as possible. To do this, we use existing techniques due to Rogers, Rubin, Silverberg, and Nagao and develop a new technique (based on an observation made by Mazur) that is more computationally feasible when the naive heights of the elliptic curves are large.
Introduction
It is a fundamental theorem in arithmetic geometry that the rational points on an elliptic curve can be given the algebraic structure of a finitely generated abelian group. This was first proven by Mordell [15] in 1922 for elliptic curves over Q and then vastly generalized by Weil [25] , who proved in 1929 that the group of rational points on an abelian variety defined over a number field is finitely generated. Thus, if E/Q is an elliptic curve, there exists an integer r ≥ 0 and finite abelian group E(Q) tors such that
The integer r is called the rank of the elliptic curve and is denoted rank Q (E), while E(Q) tors is called the torsion subgroup of E. The torsion subgroups of rational elliptic curves (up to isomorphism) are already completely understood and are classified by the following theorem: Theorem 1.1 (Mazur [13] ). Let E/Q be an elliptic curve. Then With the torsion subgroups of rational elliptic curves completely classified, we turn our attention to the ranks of rational elliptic curves. A first natural question to ask is: Question 1.2. Let S = {rank Q (E) : E/Q is an elliptic curve}. Is the set S bounded above?
E(Q)
Despite much effort, this question remains unanswered and the mathematical community seems to be split on what to expect the answer to be. Recently in [17] , Park, Poonen, Voight, and Wood have announced a heuristic that suggests that there are only finitely many elliptic curves of rank greater than 21, which would imply a positive answer to the above question. Their heuristic is based on modeling the ranks and Tate-Shafarevich groups simultaneously using alternating integer matrices.
In an attempt to better understand Question 1.2, many people have attempted to generate examples of elliptic curves with rank as large as possible. Much of the history of this endeavor has been catalogued by Dujella on his website [2] and the current record is an elliptic curve with rank at least 28 given by Elkies in [3] . Elkies was able to find 28 independent rational points of infinite order, showing that this curve has rank at least 28; with more advanced techniques, he showed that it has rank at most 32. This curve alone does not contradict the heuristic presented in [17] since it permits finitely many elliptic curves with rank greater than 21 .
As a refinement of this problem, one could ask if the ranks of elliptic curve over Q with some added algebraic structure are unbounded. In particular, the ranks of elliptic curves with a given torsion structure have extensively studied. For example, the current rank record for an elliptic curve defined over Q with torsion subgroup isomorphic to Z/2Z × Z/8Z is only 3. Rather than working on the well-studied question of the ranks of elliptic curves with prescribed torsion structures, we instead modify the question once again. Instead of requiring our elliptic curves to have a fixed torsion subgroup, we ask that they have an isogeny of fixed degree. Definition 1.3. An elliptic curve E/Q is said to have a Q-rational n-isogeny (or an isogeny of degree n) if E has a cyclic subgroup of order n defined over Q that is stable under the component-wise action of Gal(Q/Q).
From this definition we can see that having an n-isogeny is a generalization of having a rational point of order n since any elliptic curve with a rational point of order n has a cyclic subgroup of order n that is stable under the action of Gal(Q/Q).
With the techniques described below, we are able to prove the following theorem:
If n is a positive integer such that there is an elliptic curve over Q with a rational n-isogeny, then there exists an elliptic curve over Q with an n-isogeny and rank greater than or equal to 5.
Elliptic Curves with Isogenies
By studying rational points on the classical modular curves X 0 (n), Mazur and Kenku were able to classify all of the integers n for which there is an elliptic curve defined over Q with an n-isogeny.
Theorem 2.1. [13, 5, 6, 7, 8 ] Let E/Q be an elliptic curve with a rational n-isogeny. Then n ≤ 19 or n ∈ {21, 25, 27, 37, 43, 67, 163}.
Further, all of the Q-rational points on the curves X 0 (n) have been fully classified, thus classifying (and parametrizing by j-invariant) all of the Q-isomorphism classes of elliptic curves with an isogeny of a given degree. This work was done by Fricke, Kenku, Klein, Kubert, Ligozat, Mazur, and Ogg, among others. The results are spread vastly throughout the literature, but they have been collected into a single set of tables by Lozano-Robledo in [10, Tables 3 and 4] .
From these tables, we see that the parametrizations come in two different forms depending on the genus of X 0 (n): when the genus of X 0 (n) is positive, there are finitely many Q-isomorphism classes of elliptic curves with n-isogenies, corresponding to a finite list of j-invariants; on the other hand, when the genus is zero, there are infinitely many Q-isomorphism classes, with j-invariants parametrized as the image of a rational map. In our search for elliptic curves of moderate rank with n-isogenies, these two cases will require different approaches.
For some of the values of n given in Theorem 2.1, namely 2 ≤ n ≤ 10 and n = 12, there exist elliptic curves with rational points of order n. Since an elliptic curve with a rational point of order n necessarily has an n-isogeny, the existing rank records for elliptic curves with prescribed torsion structures carry over to our search for curves of moderate rank with n-isogenies. Thus, although these curves with rational points of order n are not the only curves with n-isogenies for 2 ≤ n ≤ 10 and n = 12, in order to avoid duplicating previous efforts we focus on the other values of n given in Theorem 2.1, for which no rank records have yet been established.
When the genus of
To illustrate what can be done in this case, we start by giving the following definition: Definition 3.1. Let C 1 /Q be a smooth projective curve. A twist of C 1 /Q is a smooth curve C 2 /Q such that C 2 /Q is isomorphic to C 1 over Q.
If the curves C 1 and C 2 above are elliptic curves, because the isomorphism between C 1 and C 2 is defined over Q and not necessarily over Q, it is possible that the set of rational points C 1 (Q) and C 2 (Q) are not isomorphic as groups. In particular, an isomorphism defined over Q does not necessarily send rational points to rational points, and so it is possible that the ranks of C 1 and C 2 are different. Definition 3.2. Let E/Q be an elliptic curve given by Weierstrass equation
It is simple to check that if D is not a rational square, then E and E (D) are isomorphic over Q( √ D) and not isomorphic over Q. Proposition 3.3. Let E 1 /Q and E 2 /Q be elliptic curves that are isomorphic over Q. Further, suppose that j(E 1 ) = 0 or 1728. Then, either E 1 and E 2 are isomorphic over Q, or E 2 is a quadratic twist of E 1 .
Proof. Let E 1 and E 2 be elliptic curves given by the Weierstrass equations
Since j(E 1 ) = 0 or 1728 we know that A 1 and B 1 are both nonzero integers. Let ϕ : E 1 → E 2 be an isomorphism defined over Q. By Proposition 3.1 in Chapter 3 of [22] , we have that ϕ is given by ϕ(x, y) = (u 2 x, u 3 y) for some u ∈ Q. Further, this means that A 2 = u 4 A 1 and
, and B 2 are all integers and A 2 and B 2 can't both be zero, it must be that u 2 is a nonzero rational number. Thus, either ϕ is defined over Q or it is defined over a quadratic extension of Q.
Remark 3.4. In the case where j(E 1 ) = 0 or 1728, E 2 may be a cubic or quartic twist of E 1 , rather than a quadratic one, since either A 1 = A 2 = 0 or B 1 = B 2 = 0. The curves in these two Q-isomorphism classes have complex multiplication and do not appear in the list of curves that we are considering, so there is no need to consider these types of twists any further.
Proposition 3.5. Let E 1 and E 2 be elliptic curves defined over Q such that E 2 is a quadratic twist of E 1 . Then, if E 1 has an n-isogeny, then E 2 also has an n-isogeny.
Proof. Again, let E 1 and E 2 be elliptic curves given by the Weierstrass equations y 2 = x 3 + A 1 x + B 1 and
Further, let P = (x 0 , y 0 ) be the generator of a Galois stable cyclic subgroup of order n. Since E 2 is a quadratic twist of E 1 , there is an isomorphism ϕ : E 1 → E 2 given by ϕ((x, y)) = (u 2 x, u 3 y) for some u with u 2 ∈ Q. Because u 2 is rational, we know that u = r √ D for some squarefree integer D and some r ∈ Q. We aim to show that ϕ(P ) is Galois stable.
Take σ ∈ Gal(Q/Q). Since P is Galois stable we know there exists m σ ∈ Z such that P σ = m σ P . Further, by basic Galois theory we know that σ(u) = ±u, so
Thus ϕ(P ) is Galois stable and of order n and E 2 has an n-isogeny.
Ranks of Quadratic Twists of Ellipitic Curves.
In the case when there are only finitely many Q-isomorphism classes of elliptic curves with an n-isogeny the idea is to search for quadratic twists of a fixed representative that have moderate rank. Much effort has been put into the study of the ranks of quadratic twists of elliptic curves and there are many open questions about the distribution of ranks in families of quadratic twists of elliptic curves. Of particular importance is the following conjecture due to Goldfeld.
This conjecture together with the parity conjecture implies that for a fixed elliptic curve E the ranks of quadratic twists of E should be 0 half the time and 1 half the time. This makes finding twists of a fixed elliptic curve with rank greater than 1 a potentially difficult task and so the most obvious brute force method of checking the rank of every possible twist by a squarefree integer D with |D| less than some bound is not a viable approach. The potentially highly non-trivial nature of the task of computing the rank of an elliptic curve, too, makes the brute force method intractable, so we need a more subtle approach: we want a heuristic that will allow us to determine (via a quicker computation) which twists are most likely to have higher rank than the others. We will then perform the full rank computations on these heuristically indicated curves.
The Method of Rogers.
To do this, we use the method outlined in [18] , where Rogers searches for twists of moderate rank of the congruent number elliptic curve given by y 2 = x 3 − x. The method begins by letting E/Q be an elliptic curve given by Weierstrass equation y 2 = f (x) and then writing the elliptic curve
. With E (D) written this way, Gouvêa and Mazur observed in [4] that if r ∈ Q and D r is the unique square-free integer such that
has a rational point whose x-coordinate equal to r. The idea, suggested to Rogers by Rubin and Silverberg, is to fix a height bound H and see which integers occur most often as D r for some r ∈ Q with height less than H. The more times a given integer D occurs, the more points of low (naive) height are present on the curve E (D) . The twists of E that have many such points should tend to have higher rank and so these twists are the ones whose rank it is most worthwhile to compute. While this is not always completely correct, 1 it does give us an efficient way to identify promising candidates in our search for twists of high rank.
In the table below, we give the degree n of the isogeny each curve has, the j-invariant as well as the a-invariants that define the curve with smallest conductor in the Q-isomorphism class, the upper bound H we used for the heights of the rational numbers, and the twists of maximal rank that we found. For each degree n, the highest rank found for a curve with an n-isogeny is highlighted in boldface type. In each case, we first performed a search using Rogers's method in SAGE, then used Magma to compute the Selmer ranks of the top 100 most frequently appearing twists, and finally computed the actual rank and generators of the most promising curves.
In almost all cases, we were able to use H = 10 4 , but in two cases the size of the coefficients of the elliptic curves with smallest conductor in the Q-isomorphism class prevented us from searching all the way out to H = 10 4 in a reasonable amount of time and we were instead forced to take H = 5 · 10 3 or even H = 10 3 . The difficulty here arises from the fact that the task of computing the squarefree part D f (x) of f (x) is equivalent in complexity to the task of factoring f (x). Indeed, for n = 163 this search did not provide any elliptic curves of rank greater than that of the original (i.e., "untwisted") curve. We use a new method to deal with this particular case.
3.3.
A New Method for Finding Twists of Moderate Rank. Let E/Q be an elliptic curve. If p is a prime of good reduction for E, then let N p = #E(F p ) and a p = p + 1 − N p ; otherwise, let
if E has split multiplicative reduction at p, −1 if E has non-split multiplicative reduction at p, 0 if E has additive reduction at p. A consequence of the Sato-Tate conjecture is that the proportion of primes for which a p is positive is equal to the proportion of primes for which a p is negative. With this in mind, Mazur in [14] considers the quantity
Given the Sato-Tate conjecture, one might expect that the values of D E (t) would be close to zero for large values of t, yet Mazur found experimentally that for curves of higher rank, D E (t) is more biased toward being negative. To illustrate this phenomenon, Mazur plots (t, D E (t)) for t ≤ 10 6 for the elliptic curves with Cremona labels 11A, 37A, 389A, and 5077A. These curves have rank 0, 1, 2, and 3 respectively, and Mazur observes that the larger the rank of the curve, the larger the bias is for D E (t) to be negative.
One can make intuitive sense of this phenomenon with the following two observations: firstly, there should in general be about p + 1 points on an elliptic curve E/F p , and secondly, a curve with more rational points ought to have more points, on average, when reduced modulo a prime p. Thus the sign of a p tells us exactly when the reduction curve has more or fewer points than the expected average, and so the more frequently the number of points modulo p exceeds the naive expectation of p + 1, the more frequently sgn(a p ) will be negative and the more D E (t) will trend in the negative direction.
Looking at figures 2.2 -2.5 in [14] , we see that while D E (10 6 ) is a good indicator of the rank of E, a better indicator for these curves is min{D E (t) : t ≤ 10 6 }. Thus, if we wanted to use this to find twists of moderate rank, we could compute min{D E ′ (t) : t ≤ 10 6 } for many twists E ′ of E and use the resulting values to pick twists on which to perform the full rank computation.
Remark 3.7. This method is computationally simpler than the method described above since there is no factoring necessary and counting the points on an elliptic curve over a finite field can be done very efficently. Furthermore, since at each step of the computation we are at most incrementing or decrementing the running total, we are able to compute the values in question quickly and without requiring much memory.
On the other hand, this method places an explicit bound on the magnitudes of the squarefree integers by which we are twisting the original curve. In the particular case in which we used it, for example, we only considered twists by integers up to 10 6 . Rogers's method, meanwhile, sets a bound on the heights of the rationals x for which we compute the squarefree parts D f (x) of f (x); while this imposes an implicit bound on the size of the twists considered, it is a much looser one, and twists by squarefree integers of much greater magnitude occur. For instance, note that in our search, in which we considered rationals x of height up to 10 4 , one of the curves of rank 5 with a 21-isogeny was given by twisting by −531894503. This explicit restriction is, at least conjecturally, a real disadvantage: since the rank of an elliptic curve E with conductor N E is conjectured to be bounded by C log NE log log NE for some constant C, 2 and since the conductor of E (D) is essentially D 2 · N E , we want to allow twists by large integers in our search for twists of large rank.
We take E to be the minimal twist of the single Q-isomorphism class of elliptic curves with 163-isogenies. We compute min{D E (D) (t) : t ≤ 10 5 } for every squarefree D with |D| ≤ 10 6 and then compute the ranks of the 100 most promising curves, producing a curve of rank 5, namely Table 2 . A new method for the case n = 163 4. When the genus of X 0 (n) is zero.
When the modular curve X 0 (n) has genus zero, we have that X 0 (n)(Q) ≃ P 1 (Q) and that there are infinitely many rational points corresponding to Q-isomorphism classes of rational elliptic curves with an n-isogeny. In this case, the j-invariants of these elliptic curves are given as the image of a rational map j n : X 0 (n) ≃ P 1 → Q. For example,
Therefore we need an efficient way to determine for what values of h ∈ Q the minimal twist of the Qisomorphism class of curves with j-invariant j n (h) is likely to have large rank. To do this we will use a heuristic attributed to Nagao which concerns the L-function of an elliptic curve.
4.1. L-functions of Elliptic Curves. Throughout this section let E/Q be an elliptic curve. If p is a prime, we define N p and a p as above.
Definition 4.1. For any prime p, the local factor at p of the L-series is defined to be
The L-function of the elliptic curve E is defined to be
where the product is taken over all primes p.
The importance of L-functions derives principally from the following conjecture, which connects the algebraic structure of an elliptic curve with the behavior of its associated L-function, giving an analytic method for computing the rank of the curve.
Conjecture 4.2 (Birch and Swinnerton-Dyer)
. Let E be an elliptic curve over Q, and let L(E, s) be the L-function of E. Then L(E, s) has a zero at s = 1 of order equal to rank Q (E).
In fact, the Birch and Swinnerton-Dyer conjecture says more than what is stated above. It also gives a formula for the residue of L(E, s) at s = 1 in terms of various invariants of E, but for our purposes this weaker version is sufficient. For more information, the reader is encouraged to see [19] or [11] .
Assuming this conjecture, we can write L(E, s) = (s − 1) RE · g(E, s), where g(E, s) is some function such that g(E, 1) = 0 and R E = rank Q (E). Computing the log derivative of L(E, s) yields
where h(E, s) = g ′ (E, s)/g(E, s) is analytic close to s = 1. Therefore,
and the rank of E can be estimated using the rate at which the limit goes to infinity. The problem with this estimation is that computing the L-function of an elliptic curve is time consuming if it is possible at all. So Nagao defined the following finite product,
The products L(E, s) and L N (E, s) have two main differences. The most apparent discrepancy is that L N (E, s) is truncated to be a finite product rather than an infinite one. The other difference is that L N (E, s) ignores the deviation between the local factors of primes of good and bad reduction. Treating every prime as if it were a prime of good reduction makes computing the truncated L-function for many different elliptic curves easier while only changing a finite number of terms in each product. Thus, L(E, s) and lim
should still be closely related.
Next, taking the logarithm of L N (E, s), defining the resulting sum to be f N (E, s), and taking the derivative shows that
If we expect L(E, s) and lim
N →∞ L N (E, s) to be closely related, we should also expect lim
to be a good approximation to the log derivative of L(E, s), and so
Finally, since our goal is to arrive at a rough heuristic, we switch the limits on the right-hand side without justification to get
Therefore, if we let
we should be able to use S(E, N ) for some sufficiently large N to distinguish between elliptic curves of large and small rank. That is to say, when S(E, N ) is relatively large, we have reason to suspect that E itself has relatively large rank.
Remark 4.3. The heuristic we use here was first used by Nagao in [16] where he used this heuristic and a construction of Mestre to generate an elliptic curve of rank greater than or equal to 20. It was then used again by Watkins, Donnelly, Elkies, Fisher, Granville, and Rogers as described in [24] . One could form many slightly different sums over small primes that all ought to correlate with the rank of a fixed elliptic curve. For a more detailed discussion of these variations and their respective advantages and disadvantages, see [24, §5] .
For each r ∈ Q with height less than some bound H, we let E jn(r) be the minimal model of the elliptic curve with j-invariant j n (r) and use SAGE to compute S(E jn(r) , N ) for some fixed "large" N . Then we use Magma to compute the Selmer ranks and actual ranks of the elliptic curves E for which S(E, N ) is largest.
For n = 13 and 16 we let N = 10 4 and H = 200 to get the following Table 3 . Searching in the genus zero case with the Nagao heuristic However, a problem arises when we try and use this method for n = 18 and 25. While it is possible to use the heuristic above to compute the elliptic curves that should have high rank, the conductors of these curves are so large that Magma is unable to compute their Selmer rank, let alone actual rank, in a reasonable amount of time. In order to find elliptic curves of moderate rank with isogenies of degree 18 or 25, we need a different approach, so we revert to the method of Rogers outlined in Section 3. The idea is to use [9] to find the elliptic curves with minimal conductor among those with an 18-isogeny and among those with a 25-isogeny. We then use Rogers's method to look for twists of these curves that have moderate rank. In fact, we also applied this method to the cases of n = 13 and 16 to see how the two methods compare. Below we give a table of the results obtained from these searches. Table 4 . Twists in the genus zero case
For each value of n we considered-that is, for each n appearing in Theorem 2.1 besides those for which there exist elliptic curves with rational points of order n-our searches produced an elliptic curve of rank at least 5 with an n-isogeny. We would like to extend this baseline minimum of rank 5 to all possible isogeny degrees, so we now turn our attention briefly to the others, namely 2 ≤ n ≤ 10 and n = 12. For 2 ≤ n ≤ 8, there are known examples of elliptic curves of rank at least 5 that have torsion group isomorphic to Z/nZ (see [2] ) and thus have an n-isogeny. This leaves the three cases of n = 9, n = 10 and n = 12. In each case, the highest known rank of a curve with torsion group isomorphic to Z/nZ is only 4. However, the curve of rank 6 with an 18-isogeny that our search found also has a 9-isogeny, 3 so we have a curve of rank at least 5 with a 9-isogeny.
For n = 10 and n = 12, we conducted searches using the method of Rogers, producing the following data. Table 5 . Twists for n = 10 and 12
The data in Tables 1, 2 , 3, 4, and 5, together with the rank records recorded by Dujella at [2] , justify the following result.
Theorem 4.4. If n is a positive integer appearing in Theorem 2.1, then there exists an elliptic curve with an n-isogeny and rank greater than or equal to 5.
